In this paper we study cosmological perturbations in teleparallel gravity. We discuss problems which appear in standard approach to f (T ) gravity, and find that these problems may be solved within covariant formulation of teleparallel gravity, which take into account spin connection. We calculate spin connection which symmetrize equation for perturbation and split diagonal and nondiagonal part of equation of motion. We demonstrate that there is minimal solution for spin connection, which lead to zero slip, however, in this case one additional equation appears, so the system may become over-determined. After that, we show that a more general solution exists, which is incompatible with zero slip, but allows to write down the equations of motion for cosmological perturbation in a self-consistent way without additional equations to be satisfied.
symmetrical system, like homogeneous and isotropic space-time gives us a general picture, but obviously, are not enough if we would like to understand the physical system better. For example, in cosmology small perturbations on Friedmann background play an important role, since they can be observed and measured, giving a chance to confront theory and experiment. That is why for any modified theory of gravity the question of cosmological perturbations is very important. Due to complicated calculations the number of papers in this field is still very small. It is possible to mention [20] where was produce attempt to investigate cosmological perturbations in f (T ) theory of gravity coupled with scalar field and a few woks on pure f (T ) theory [21, [23] [24] [25] . The equation for scalar perturbations was first derived in [21] . Authors of that paper obtained that equation not symmetric and the system is over-determined (number of equations more then number of variables). The only possibility to fix this problem was by requiring f ′′ (T ) ≃ 0. To our mind, this mean that the tetrad used in [21] is not a proper tetrad and should be equipped with appropriate non-zero spin connections to get correct equations of motion.
In our paper we apply the approach based on spin connections to the problem of cosmological perturbations. We calculate corresponding spin connection in implicit form and derive corresponding equations for scalar perturbations. This paper is organized as follows: in Sec.2 we remind a reader formulation of f (T ) gravity, in particular, covariant formulation which implies non-zero spin connection. In Sec.3 we find a form of spin connection which allows us to close the system of equations for cosmological perturbations in f (T ) gravity. In Sec.4 we briefly summarize our main results.
II. STANDARD AND COVARIANT FORMULATION OF TELEPARALLEL GRAVITY.
A. Standard approach to teleparallel gravity.
In standard formulation of teleparallel gravity the main geometrical object is so-called tetrad field e A (x µ ), (1) defined in tangent space. The space-time metric tensor can be expressed through the tetrad field as
where η AB = diag(1, −1, −1, −1) is Minkowski matrix. Here and below capital Latin indexes relate to the tangent space and take the values 0..3, whereas Greek indexes relate to space-time and also take the values 0..3 and small Latin indexes i, k, l, m relate to space-time and take the values 1..3. The torsion tensor is defined as
where e µ A denotes inverse tetrad, which satisfies e µ A e A ν = δ µ ν and e µ A e B µ = δ B A . In addition, the following tensors are usually defined: contorsion tensor, which equals to the difference between the Weitzenböck and Levi-Civita connection
and the following auxiliary tensor
Note that last tensor and torsion tensor are antisymmetric on second and third indexes, so 1 T λ(µν) = S λ(µν) = 0, whereas for contorsion tensor we have K (µν)λ = 0. Now torsion scalar can be defined as
and the action of teleparallel gravity in the most general form can be written as
where e = det(e A µ ) = √ −g and κ 2 is the gravitational constant. Variation of action (7) with respect to tetrad field give us equation of motion in the following form
which is also may be rewritten in equivalent form [30] G µν ≡ f ′ (
where
should be calculated by using Levi-Civita connection
. This formulation of teleparallel gravity has well known problems of lack of local Lorentz invariance. Due to this property, for example, we need to use only cartesian tetrad in FRW cosmology, and can not use a spherically symmetric tetrad. The proper tetrad we need to use is usually a priory unknown. In the next subsection we remind a reader one of the way to solve this problem.
B. Covariant formulation of teleparallel gravity.
The problem of proper tetrads can be eliminated in a modern approach which is called as covariant formulation of teleparallel gravity. Within this approach instead of definition of Weitzenböck connection (3) more general expression is used
where ω A Bν is so called spin connection. One of the important consequence of this approach is possibility to restore Lorenz symmetry in the theory. To do this the spin connection should satisfy the set of important conditions. First of all it is antisymmetric with respect to Latin indexes:
where Latin indexes both must be in upper or lower position. Second, spin connection are flat in the sense that
All this philosophy assumes that tetrad, which correspond to our metric is not defined uniquely, but only up to a local Lorenz transformation, which transforms the spin connection as well [28] 
where Λ B A is the inverse of the Lorenz transformation matrix Λ A B . The third condition to be satisfied is the metricity condition
All definitions (3)-(6) are unchanged, for instance we have
however, all tensors depend on spin connection implicitly through (10) . This formulation of theory assumes that spin connection and tetrad are independent gravitational variables. For this reason variation with respect to tetrad field gives us the same result and equation (9) is unchanged. However, there is additional equation of motion, which appears due to variation with respect to spin connection:
and this equation may be interpreted as equation for spin connection.
Note here that there is a theorem, which states that for any arbitrary tetrad there exist corresponding spin connection, which allows us to restore Lorenz symmetry and avoid any problems with equations of motion. Nevertheless in the most general case solution of equation (15) may be a rather difficult problem because actually it is a system of equations with partial derivatives (the term ∂ µ T contains derivatives from spin connection implicitly). For this reason the correct form of spin connection was found only for a few simplest cases such as Minkowski and FRW metric in spherical coordinate system, static spherically symmetric metric [26] . We exclude from this list a number of cases where spin connection may be set to zero without any pathology in equations, such as FRW in Cartesian reference frame.
It was proved [29] that equation (15) coincides with non-symmetric part of equation of motion in standard formulation of teleparallel gravity, and therefore in the covariant formulation of teleparallel gravity the equation of motion is symmetric automatically. Due to this fact [17] the following geometrical identity is satisfied:
and therefore the standard (similar to GR) conservation equation is realized
To investigate the problem of cosmological perturbations we start from the perturbed FRW-metric
and corresponding tetrad field
where a = a(t) is scale factor and ψ = ψ(t, x, y, z), φ = φ(t, x, y, z) are small perturbations of metric. The inverse metric and tetrad field matrix may be easily found as
An attempt to derive equations for cosmological perturbations following this way was done in [21] . Authors did not take into account spin connection and worked in the logic described in sec.II A. They found that equations of motion contains non-symmetric non-diagonal part and the only possibility is to put f ′′ (T ) ≃ 0. In the present paper we correct this result by taking into account spin connection. We should note that construction of corresponding spin connections which satisfy all condition described in sec. II B is a rather difficult problem. Here we focus our attention on a less ambitious task: to remove non-symmetric part from equations of motions by introducing appropriate spin connection, calculating explicitly only those components of spin connection which are needed for this goal.
First of all we have the following consideration. FRW metric in Cartesian reference frame without perturbations has no any problem with equations of motion and the non-diagonal part is absent (this fact was confirmed by the authors of [21] ) even for zero spin connection. Thus all non-trivial components of spin connection have the order of perturbations and during the calculations all quadratic and higher order terms may be neglected. This fact simplify all calculations seriously.
We start with antisymmetry condition (11) for spin connection. It mean that in the most general case there are 24 independent non-trivial components (all ω A Aµ = 0). The independent ω A Bµ are: 1 20 , ω 1 21 , ω 1 22 , ω 1 23 , ω 1 30 , ω 1 31 , ω 1 32 , ω 1 33 , ω 2 30 , ω 2 31 , ω 2 32 , ω 2 33 , and the dependent are
all this values depend on all coordinates in the most general case. Now taking tetrad (17) and all 24 independent components of ω A Bµ we can calculate all values which is needed for equation of motion (9) , keeping only linear with respect to ψ, φ and ω A Bµ (and its derivatives) terms. It is need to say here that expressions for T λ µν and S λ µν take a lot of place even in linearized form, so we do not present them here. We write down here final result for torsion scalar and for S ikl ∂ l T product because they are important for equations of motion.
Calculation for torsion scalar give us the following result (we keep here only linear terms with respect to perturbations)
and we can see that in spite of most general form of spin connection only three components are present in this expression.
Symmetry conditions.
Consider again the equation of motion (9) . Any non-symmetric term can arise from the only source M νµ ≡ S νµλ ∇ λ T . Calculating its components up to the first order in perturbations we have:
with
2. Flatness conditions. Now we consider flatness conditions of spin connections. We can neglect two last terms in (12) , because they are second order in perturbations. Thus the conditions can be presented in the following form
Detailed analysis shows us that solutions of this system of differential equations can be written as:
where a i , b i and c are some functions of the coordinates (t, x, y, z) and index µ = t, x, y, z denotes differentiation with respect to coordinate.
Minimal solution.
A solution of described above systems (19)-(34) and (37)-(42) allows us to solve our task of construction symmetric equations with flat spin connection. In the present section we will not discuss the problem of uniqueness of the solution (which is a more complicated task), but present here a particular solution.
Our first attempt is to find a solution as simple as possible. First of all note, that in most general case diagonal equation, which correspond to spatial part (24), (29) and (34), are different. It is reasonable to make them the same by setting ω 0 11 = ω 0 22 = ω 0 33 = 0. Next, the conditions involving ω with upper index 0 decouple, giving a 1x = a 2y = a 3z , a 1y = a 2x , a 2z = a 3y , a 1z = a 3x . To maximally simplify our task we put a 1 = a 2 = a 3 = 0. In this case we will have only three equations from symmetry conditions: M 01 = M 10 , M 02 = M 20 and M 03 = M 30 , which contain six variables: ω 1 22 , ω 1 33 , ω 1 21 , ω 1 31 , ω 2 32 and ω 2 33 . These three variables may be parametrized according to (40)-(42) by three independent functions b 1 , b 2 and c. Thus finally we have the following system for unknown parameters (note also that these equations may be derived from (15) by direct calculations):
Finally we conclude that solution b 1 = b 1 (t, x, y, z), b 2 = b 2 (t, x, y, z), c = c(t, x, y, z) of the system (43)-(45) parametrize spin connection totally and produce zero Riemann tensor and symmetric equations of motion under construction up to the first order of perturbations. Also it is interesting to note, that found spin connection in the minimal form does not affect the diagonal part of equations of motion. Now in this case we have for M µν
We can see that i = j components of equation (9) take the form
where π ij is anisotropic stress tensor. We will discuss the case of zero anisotropic stress only (which is natural for perfect fluid case), thus we have condition
and situation becomes the same as in classical GR where the slip can be set identically to zero. First of all note that we write equations for perturbations by using (9) with one upper and one lower indexes, which is more conventional for this task.
Energy-momentum tensor has the following form
and
Non-trivial components of Einstein tensor
Non-trivial components of M µ ν tensor are
Finally decomposing derivatives of function f in Taylor series near the point T = T 0 ≡ −6H 2 we have
where we imply f ′ (T 0 ) = f ′ (T )| T =T0 ≡ f ′ 0 and so on and according to (18) 
calculation of the divergence of this tensor give us • ∇ µG µ ν = 0 as it should to be (note that for this calculation we need to take into account also the condition (65), see below).
More general solution.
We should stress that despite we does not need the full solution of the system for the spin connection, we need to know that this system has some nontrivial solution. Solution for spin connection described above may be absent for the following reason. System (43)-(45) can be rewritten in the form
After taking the divergence from left and right sides of the previous equation we find the following relation for perturbations only (here we imply ψ = −φ)
If this relation is not satisfied automatically the system becomes over-determined. This situation is similar to described in [22] where an attempt to construct spin connections for rotating black hole solution leads to an additional equation. We think that this may appear due to oversimplification of the ansatz chosen, and we should use more general form of spin connection to avoid this problem. So that we take a 1 = 0, a 2 = 0, a 3 = 0. In this case we need to imply the following symmetry conditions 2 ω 0 21 = ω 0 12 , ω 0 31 = ω 0 13 , ω 0 32 = ω 0 23 (or a 1y = a 2x , a 2z = a 3y , a 1z = a 3x ). Now instead of system (43)-(45) we have
where we denoted
Now after the similar mathematical manipulations we find instead of (65) 2 We are forced to break condition ω 0 11 = ω 0 22 = ω 0 33 = 0 (or a 1x = a 2y = a 3z ) in this more general case.
We can see that now this is not a relation for perturbations only, but some equation connecting components of spin connection and perturbation potentials which allows us to determine the relation between φ and ψ (slip) if the spin connection is known. Now in this case instead of (46)-(49) we have for M µν M 00 = 0, (71)
Note here that in our case M 0
and if we imply zero anisotropic stress, this equation allow us to determine ω 0 ij -components(i = j) of spin connection. Note that non-zero ω 0 ij leads to non-zero slip. This confirms the similar result of [25] and indicates that non-zero slip can be an intrinsic feature of perturbations in f (T ) gravity.
We have now
and collecting all terms we get
Now we turn back to equation (75). We discuss the case of zero anisotropic stress only. This immediately tell us that ω 0 ij = ω 0 ji and there are only three independent equations instead of six. They can be written explicitly through functions a i (37)-(39), this representation allows us later to get also symmetric components ω 0 ii :
this may be integrated and rewritten as
We remind a reader that all components of spin connection was parametrized by six functions a 1 , a 2 , a 3 , b 1 , b 2 and c (37)-(42). Three of them a i can be determined using (85) and exactly this components are needed to close the system of equations. Corresponding components of spin connection can be found from the already known values of a i :
where lower indices can now be equal. This gives us the value of ω 0 :
Substituting ω 0 ii into Eq.(81) we see that all threeG i i become equal to each other as it should be since r.h.s. of these equations are equal to each other also. Now we can write down the simplest solution of equation (70)
it corresponds to rot − → B = 0, introduced in the beginning of the present subsection. This indicates that the vector − → B is a gradient of some function α, and the solution for remaining components of spin connection is
we need not explicit forms of these components for closing the system of equations for perturbations. The function α can be zero, or some other function of the order of perturbations. In particular, if we choose
, and according to (37)-(42) and (86) we have a very symmetric particular solution for spin connection
Substituting ω 0 ii into the system of equations for perturbations we find finally:
In this system we have four independent variables: δρ, δu, φ and ψ, so we need one additional equation to close the system. It can be derive by combining (87) and (88):
Thus, we have got a closed system for cosmological perturbation. Straightforward, though rather tedious calculations directly indicate that • ∇ µG µ ν = 0 as it should be.
IV. CONCLUSIONS.
In the present paper we consider spin connections needed for closing the system of equations for cosmological perturbations in f (T ) gravity. It is known that neglecting spin connections lead to the requirement f ′′ (T ) = 0 which indicated that we can not go beyond GR. Non-zero spin connections can in general improve this situation. Our first attempt consider the simplest possible spin connections, where all components which can be set to zero are actually set to zero. We remind a reader that from 64 components of spin connection 16 are equal to zero due to antisymmetry, so in general we have 48 non-zero components, from which only 24 are independent. In the case of minimal solution we have 24 non-trivial components, 12 independent: ω 1 20 , ω 1 21 , ω 1 22 , ω 1 23 , ω 1 30 , ω 1 31 , ω 1 32 , ω 1 33 , ω 2 30 , ω 2 31 , ω 2 32 , ω 2 33 , and 12 dependent: As a result, we get closed system for the cosmological perturbation which implies zero slip, as in GR. However, an additional equation for the cosmological perturbation appears, indicating that the system in question becomes in general over-determined. This forces us to consider more general form of spin connections where all 48 components assumed to be non-zero. We have found a solution to spin connections equations, which closes the system for the cosmological perturbations, and does not provide any additional requirements. The price for this is a non-zero slip, arising due to additional non-zero components of spin connections. It is worth to note that if we choose the function α in this solution to be zero, we get a particular case of non-zero slip case with only 24 non-zero spin connection components, the same as for the former zero slip case. What is also interesting, all non-zero spin connection component for zero slip case (listed above in this Section) vanish for this non-zero slip particular case, and, vice versa, non-zero components in this case are those which are set to zero in the zero slip case.
Our approach is complimentary to the approach of [25] where the close system for cosmological perturbation in f (T ) gravity have been constructed for a general tetrad with zero spin connections. We leave a detailed comparison of results of these two approach for a future work. Here we only note that the approach of [25] also leads to non-zero slip, which may indicate that these feature is an important peculiarity of f (T ) cosmology which can be, in principle, tested experimentally.
